Let τ be a positive real number, X be a Banach space, and C :=
is a Banach space. Let A be the infinitesimal generator of a C 0 -semigroup {T (t)} t≥0 on X. Assume that T (t) is compact for each t > 0, and there exists M > 0 such that T (t) ≤ M for all t ≥ 0.
We consider the abstract functional differential equation du(t) dt = Au(t) + F (t, u t ), t > 0,
(0.1)
Here F : [0, ∞)×C → X is continuous and maps bounded sets into bounded sets, and u t ∈ C is defined by u t (θ) = u(t + θ), ∀θ ∈ [−τ, 0].
Theorem A. Assume that for each φ ∈ C, equation (0.1) has a unique solution u(t, φ) on [0, ∞), and solutions of (0.1) are uniformly bounded in the sense that for any bounded subset B 0 of C, there exists a bounded subset
for all φ ∈ B 0 and t ≥ 0. Then for any given r > 0, there exists an equivalent norm · * r on C such that the solution maps Q(t) := u t of equation (0.1) satisfy α(Q(t)B) ≤ e −rt α(B) for any bounded subset B of C and t ≥ 0, where α is the Kuratowski measure of noncompactness in (C, · * r ).
and hence, x * is an equivalent norm on X. It is easy to see that
which implies that T (t) * ≤ 1 for all t ≥ 0. Thus, without loss of generality,
we assume that M = 1.
Let r > 0 be given. Note that for each φ ∈ C, the solution u(t, φ) of (0.1) satisfies the following integral equation
ThenT (t) is also a C 0 -semigroup on X and T (t) ≤ e −rt , ∀t ≥ 0. Let
, and define
We first show that L(t) is an α-contraction on (C, · * r ) for each t > 0. It is easy to see that L(t) is compact for each t > τ . Without loss of generality, we may assume that t ∈ (0, τ ] is fixed. For any φ ∈ C, we have
which implies that α(L(t)B) ≤ e −rt α(B) for any bounded subset B of C.
Thus, this contraction property holds true for all t > 0.
Next we prove thatQ(t) : C → C is compact for each t > 0. Let t > 0 and the bounded subset B of C be given. By the uniform boundedness of solutions, there exists a real number
It then follows thatQ(t)B is bounded in C. We only 
Define
and
Letα be the Kuratowski measure of noncompactness in X. SinceT (ǫ) is compact, it follows that α {(Q(t)φ)(θ) : φ ∈ B} ≤α(S 1 ) +α(S 2 ) ≤ 0 + 2Kǫ = 2Kǫ.
Letting ǫ → 0 + , we obtainα {(Q(t)φ)(θ) : φ ∈ B} = 0, which implies that the set {(Q(t)φ)(θ) : φ ∈ B} is precompact in X. It remains to verify statement (ii). SinceT (s) is compact for each s > 0,T (s) is continuous in the uniform operator topology for s > 0 (see [2, Theorem 2.3.2]). It then follows that for any ǫ ∈ (0, t), there exists a δ = δ(ǫ) < ǫ such that
We first consider the case where t ∈ (0, τ ]. It is easy to see that
For any φ ∈ B and θ 1 , θ 2 ∈ [−t + ǫ, 0] with 0 < θ 2 − θ 1 < δ, it follows from
Combining (0.4) and (0.5), we then obtain
, it follows thatQ(t)B is equi-continuous in θ ∈ [−τ, 0]. In the case where t > τ , for any ǫ ∈ (0, t − τ ), the estimate in (0.5) implies that
for all θ 1 , θ 2 ∈ [−τ, 0] with 0 ≤ θ 2 − θ 1 < δ, and φ ∈ B. Thus,Q(t)B is equi-continuous in θ ∈ [−τ, 0]. It then follows thatQ(t) : C → C is compact for each t > 0.
Consequently, for any t > 0 and any bounded subset B of C, we have
This completes the proof.
As an application example, we consider the following ω-periodic reactiondiffusion system r on C such that for each t > 0, the solution map Q(t) = u t of system (0.6) is an α-contraction on (C, · * r ) with the contraction constant being e −rt .
Remark. By using the theory of evolution operators (see, e.g., [1, Section II.11] and [2, Section 5.6]), one may extend Theorem A to the abstract functional differential equation du(t) dt = A(t)u(t) + F (t, u t ) with u 0 = φ ∈ C under appropriate assumptions.
